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I n  order t o  keep an operational Space Station i n  a s t ab le  low Earth 
o r b i t ,  a control sys t em for  station-keeping and a t t i t ude  control operations 
w i l l  have to  be used. Th i s  control system w i l l  employ control moment gyros 
for angular momentum storage and reaction control systems f o r  t ranslat ional  
a t t i t ude  control. To minimize the s ize  of the momentum storage s y s t e m  and 
the amount of propellant required for reaction control and momentum 
desaturation, certain overall  mass properties of the  Station w i l l  have t o  be 
minimized, these being the mass cross products of iner t ia .  With minimized 
ine r t i a s ,  
gradient effects .  Minimizing t h e  iner t ias  involves relocating externally 
attached 
arms w i t h i n  a two-dimensional plane for  each payload mass. 
the Station would a l so  experience minimal torques due t o  gravity 
payloads and appendages i n  a process that  f inds optimal moment 
Because of their important effects on the gravity induced torques, the 
mass properties t o  be minimized i n  t h i s  analysis a r e  the cross products of 
i ne r t i a  I 
techniques such as those used i n  operations research, an optimum arrangement 
of payload elements can be achieved tha t  w i l l  minimize the cross products 
of i n e r t i a  and t h u s  the control labi l i ty  resources. 
and I . Through the use of mathematical programming 
xy'  I X Z ,  YZ 
The methodology has been automated into an interdependent s e t  of four 
programs tha t  can be used w i t h  t h e  N A S A  IDEAS**2 program t o  provide a visual 
representation of the i n i t i a l  mass placement and the f i n a l  optimized mass 
placement. These programs a r e  generalized and depend only on the number of 
payload elements and minimal i n p u t  from an interact ive user. Th i s  c,nputer 
aided engineering tool allows the  analyst t o  arrange payloads and appendages 
w i t h i n  a Space Station geometry faster and more e f f ic ien t ly  than the t r i a l  
and error  techniques previously used by rn<.ss properties engineers. The 
benchmark case of design w i l l  be t h e  Dual  Keel Space S ta t ion ,  w i t h  f ive  
payloads. Th i s  paper w i l l  present the derivation and execution of a 
methodology i n  which Space Station elements, primarily externally attached 
masses representing payloads, can be optimally arranged t o  minimize the 
cross products of iner t ia .  
DESCRIPTION OF SPACE STATION ELEMENTS 
The Dual Keel configuration, Figure 1 ,  operates i n  a local  vertical-  
local  horizontal (LVLH) orientation, w i t h  its ver t ical  keels along the local  
ver t ical  direction and the solar array boom perpendicular t o  the o r b i t  plane 
( P O P ) .  The lower horizontal keel of the Space Station contains Earth- 
viewing payloads. The upper horizontal keel contains so l a r ,  s t e l l a r ,  and 
anti-Earth viewing payloads and communications antennas. Non-viewing 
Payloads are  located a t  various places on t h e  Space Station and the 
pressurized modules are  located a t  the center of the transverse boom. 
Servicing equipment is t o  be located about the Station w i t h  f ront  and back 
s ides  of t h e  keels k e p t  f r ee  for  the traverse of the Mobile Remote 
Manipulator System ( M R M S ) .  The servicing and refueling f a c i l i t i e s ,  O r b i t a l  
Manc:uvering Vehicle (OMV) ; Orbital Transfer Vehicle ( O T V )  technol!:qy 
demonstration equipment, and s a t e l l i t e  storage and equipment areas a re  
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Cimbaled  solar array wings p rov ide  f u l l  power a t  any r e l a t i v e  
a l ignmen t  of the Space S t a t i o n  and t h e  s u n l i n e .  
solar dynamic power g e n e r a t i o n  s y s t e m s  were used i n  t h e  s t u d y  and are shown 
on t h e  c o n f i g u r a t i o n  t o  demons t r a t e  a d e s i g n  o p t i o n .  
provided by a combination of body-mounted r a d i a t o r s ' o n  t h e  modules and 
deployed r a d i a t o r s  a l o n g  t h e  t r a n s v e r s e  boom. 
Both solar  v o l t a i c  and 
Heat r e j e c t i o n  is 
The c e n t e r  of g rav i ty  is located a t  t h e  c e n t e r  of t h e  t r a n s v e r s e  
boom and modules t o  p rov ide  t h e  lowest p o s s i b l e  m i c r o g r a v i t y  environment 
w i t h i n  t h e  modules .  A low m i c r o g r a v i t y  environment w i l l  be  e s s e n t i a l  f o r  
many of t h e  s c i e n t i f i c  experiments  and commercial o p e r a t i o n s  
p l a c e  on the  S t a t i o n .  
t h a t  w i l l  take 
One of t h e  p r i n c i p a l  advan tages  of t h i s  c o n f i g u r a t i o n  is t h e  
e x c e l l e n t  viewing a f f o r d e d  t o  a l l  pay loads ,  both external ly-mounted and 
internal ly-mounted.  
tether payloads and communication a n t e n n a s .  E x c e l l e n t  c l e a r a n c e s  are 
provided for  O r b i t e r  rendezvous and b e r t h i n g ,  and for c o n s t r u c t i o n ,  
s e r v i c i n g ,  and o t h e r  o p e r a t i o n s  a c t i v i t i e s .  The t russ-mounted subsystems 
and d i s t r i b u t i o n  equipment are  most ly  p r e - i n t e g r a t e d  ( p r i o r  t o  l a u n c h )  t o  
minimize on -o rb i t  time, complex i ty ,  r i s k ,  and e s p e c i a l l y  e x t r a v e h i c u l a r  
a c t i v i t y  ( E V A )  o p e r a t i o n s  d u r i n g  b u i l d u p  and assembly. 
subsystems and d i s t r i b u t i o n  equipment are also p r e - i n t e g r a t e d .  
assembly of t h e  Dual Keel Space S t a t i o n  r e q u i r e s  a minimum of s i x t e e n  Space 
S h u t t l e  launches, i n c l u d i n g  some b u t  n o t  a l l  t h e  payloads t h a t  w i l l  be 
mentioned i n  t h i s  report. Assembly is accomplished u s i n g  t h e  O r b i t e r  Remote 
Manipulator  System ( R M S )  and Space S t a t i o n  M R M S  after i t  is i n s t a l l e d .  
The c o n f i g u r a t i o n  a l so  allows good accommodation of 
The module-mounted 
Launch and 
G R A V I T Y  G R A D I E N T  'I'ORQUE - EQUATIONS 
A s  was stated i n  t h e  i n t r o d u c t i o n ,  minimizing t h e  cross p r o d u c t s  of 
i n e r t i a  w i l l  also minimize t h e  induced g r a v i t y  g r a d i e n t  t o r q u e s  expe r i enced  
by a S t a t i o n .  
governed b y  t h e  f o l l o w i n g  equa t ion :  
Re fe rence l l  shows t h a t  g r a v i t y  g r a d i e n t  t o r q u e s  on a body are  
O r  : 
I C  1 1 cuv  , uv  , uv  11 
1 2 3 
V 
T = 3w2 U 
g 
5 g r a v i t y  g r a d i e n t  t o r q u e  v e c t o r  
Ti3 
Where : 
w - orb i t a l  a n g u l a r  r a t e  
C I 3 = i n e r t i a  matrix 
c U v l  = u n i t  v e c t o r ,  a long  t h e  v e r t i c a l ,  from 
t h e  E a r t h ' s  c e n t e r  t o  t h e  s p a c e c r a f t  
The above t o r q u e  equat'ion can  be  reduced  t o  a f u n c t i o n  of mass 
p r o p e r t i e s  of the  S t a t i o n  and  an  angle  0, t h e  a n g l e  which t h e  S t a t i o n  is 
p i t c h e d  off t h e  local  v e r t i c a l ,  as shoun below: 
T = 3w2 C(0.5 s i n  20 ) (Ixx - Iyy) - (Ixy c o s  20 11 
gz 
Two l i m i t i n g  c o n d i t i o n s  apply  t o  t h e  above e q u a t i o n s .  F i r s t ,  f o r  050, 
t h e  t o r q u e s  become s o l e l y  a func t ion  of t h e  cross p r o d u c t s  of i n e r t i a  s i n c e  
s in (20)*0  and  cos(20)=1.  
moments of i n e r t i a  are of t h e  same magnitude,  t h u s  making their d i f f e r e n c e  
small. 
nea r  zero and c o s ( 2 0 )  is n e a r  one  indicates t h a t  t h e  t o r q u e s  are p r i m a r i l y  a 
f u n c t i o n  of t h e  cross p r o d u c t s  of iner t ia .  
p roduc t s  terms, there w i l l  be a minimal c o n t r i b u t i o n  t o  t h e  t o r q u e  
components. 
Secondly,  for small a n g l e s  of 0, t h e  p r i n c i p a l  
This  combined w i t h  the  small a n g l e  approximat ion  t h a t  s i n ( 2 0 )  is 
Thus, by minimiz ing  t h e  cross 
ASSIGNMENT OF VARIABLES AND COORDINATE DEFINITION 
Even though s t a n d a r d  payload elements  have a v a r i e t y  of geomet r i c  
---_ -_I___ 
s h a p e s ,  o n l y  r e c t a n g u l a r  and squa re  payloads  w i l l  be c o n s i d e r e d  i n  t h i s  
d n a l y s i s  i n  order t o  s i m p l i f y  i t .  Fourteen v a l u e s  w i l l  be a s s i g n e d  w i t h  
each element  i n  each of two coord ina te  sys t ems ,  e i g h t  i n  a l o c a l  e lement  
s y s t e m  and  s i x  i n  a S t a t i o n  c e n t e r  of g r a v i t y  ( C C )  c e n t e r e d  s y s t e m .  The 
purpose  of t h e  two c o o r d i n a t e  sysiems is t o  p rov ide  s u f f i c i e n t  g e n e r a l i t y  i n  
s p e c i f y i n g  element  dimensions and  CCs as well as the i r  l o c a t i o n  w i t h i n  t h e  
overal l  S t a t i o n .  I n  t h e  local system, t he  e l e m e n t ' s  mass and number are 
a s s i g n e d .  The x, y ,  and z coord ina te s  of t h e  e l emen t ' s  CG are  s p e c i f i e d  
assuming (O,O,O) as a l o c a l  o r i g i n ,  t h u s  p r o v i d i n g  fo r  any  of fse t  t h a t  t h e  
CC may have from t h e  assumed geometric c e n t e r  a t  t h e  c e n t e r  of t h e  
r e c t a n g l e .  The l e n g t h ,  h e i g h t ,  and dep th  v a l u e s  are a s s i g n e d  and are 
a l i g n e d  a l o n g  t h e  l o c a l  x ,  y ,  and  z a x e s ,  r e s p e c t i v e l y .  I n  t h e  g l o b a l  
s y s t e m ,  t h e  x ,  y ,  and z c o o r d i n a t e s  of each e l emen t ' s  geomet r i c  c e n t e r  arc. 
s p e c i f i e d  by t h e  u s e r  t o  locate each payload w i t h i n  t h e  o v e r a l l  S t a t i o n .  
The global x ,  y ,  and z c o o r d i n a t e s  of each e l e m e n t ' s  CG are de r ived  by one 
of t h e  programs from t h e  sum of t h e  l o c a l  CG c o o r d i n a t e  and t h e  g l o b a l  
3 
Y 
geometr ic  c e n t e r  c o o r d i n a t e .  
c o o r d i n a t e  sys terns. 
See F i g u r e  2 f o r  a d e s c r i p t i o n  of t h e  two 
The coord ina te  system used i n  t h i s  a n a l y s i s  is a s t a n d a r d  C a r t e s i a n  
c o o r d i n a t e  system w i t h  t h e  o r i g i n  c e n t e r e d  a t  t h e  middle  of t h e  t r a n s v e r s e  
( s o l a r  a r r a y )  boom. The x a x i s  is a l o n g  t h e  t r a n s v e r s e  boom, t h e  y axis  is 
a l o n g  t h e  keels,  and t h e  z a x i s  comple tes  t h e  s y s t e m  by p o i n t i n g  a l o n g  the  
d i r e c t i o n  of f l i g h t  (See F i g u r e  1 . )  
I n  t h e  program f o r m u l a t i o n  i t  is desirable t o  f o r c e  a l l  c o o r d i n a t e s  t o  
be s t r i c t l y  nonnegat ive  r ea l  numbers. T h i s  is done by b i a s i n g  a l l  of t h e  
c o o r d i n a t e s  by add ing  t h e  p o i n t  (1000,1000,1000) t o  a l l  t h e  g l o b a l  
c o o r d i n a t e s .  T h i s  e s s e n t i a l l y  locates t h e  S t a t i o n  far out  i n  quadran t  I of 
an  imaginary three-dirnensional  c o o r d i n a t e  s y s t e m .  'The i n e r t i a s  of t h e  
s y s t e m  a r e  no t  changed due  t o  t h e  t r a n s f o r m a t i o n  of c o o r d i n a t e s  because t h e  
iher t ias  are taken  about  t h e  t ransformed system's c e n t e r  of g r a v i t y .  
The r e p r e s e n t a t i v e  payloads  used i n  t h i s  a n a l y s i s  is desc r ibed  i n  Table I .  
I 
Table I.  D e s c r i p t i o n  of payload e l emen t s  
Number Desc r ip t ion  
(i) Name 
Weight Length Height  Depth 
(kg)  ( r n )  ( m )  ( m  1 
1 T r a n s i t i o n  Rad ia t ion  & 
' I o n  Calor imeter  ( T R I C )  5 ,749  3.0 5.5 2.7 
2 Pinhole  O c c u l t e r  F a c i l i t y  3 ,602 3.6 4.6 2.7 
4 Space Cons t ruc t ion  
5 O r b i t a l  T r a n s f e r  Vehicle 
3 Product ion  U n i t  4,500 4.3 6.4 4.3 
Experiment 4,001 29.0 2 4 . 4  20.1 
Serv ic ing  Experiment 8,001 8.5 19.2 8.5 
MATHEMATICAL PROGRAM FORMULATION 
I. INERTIAL CONSTRAINTS 
I n  mathematical  programming, one form a n  o p t i m i z a t i o n  program can  take 
is t o  minimize a n  o b j e c t i v e  f u n c t i o n  of some s e t  of Variables s u b j e c t  t o  a 
c e r t a i n  number o f  c o n s t r a i n t  f u n c t i o n s  of these same v a r i a b l e s .  A program 
would a t tempt  t o  s o l v e  the problem: 
4 
Minimize F(X) 
S u b j e c t  to: t i j ( X )  A o j - 1 , n  
Hk(X) = 0 k = 1 , m  
Where F(X) is the o b j e c t i v e  func t ion ,  G (X)  is one  of n i n e q u a l i t y  
j 
c o n s t r a i n t  f u n c t i o n s ,  Hk(X) is one of m e q u a l i t y  c o n s t r a i n t  f u n c t i o n s ,  and  
t h e  v e c t o r  X is the  set of v a r i a b l e s  to  be opt imized .  T h i s  a n a l y s i s  w i l l  
d e r i v e  a n  o b j e c t i v e  f u n c t i o n ,  s i x  e q u a l i t y  c o n s t r a i n t s ,  and  n i n e q u a l i t y  
c o n s t r a i n t s  where n w i l l  depend o n  t h e  number of payloads.  
The o b j e c t i v e  of the  a n a l y s i s  is t o  minimize the three cross p r o d u c t s  
of i n e r t i a  for n e l emen t s  about  a given S t a t i o n  s u p p o r t  s t r u c t u r e .  .The 
s t r u c t u r e  i t se l f  has its own mass p r o p e r t i e s  g iven  by: 
m = t h e  S t a t i o n  mass 
0 
1 9 Ixz 9 I = t h e  i n i t i a l  cross products  of 
xYO 0 "0 i n e r t i a  wi thout  payloads  
The f i n a l  op t imized  l o c a t i o n  of t h e  S m t i o n  w i t h  payloads  w i l l  be  
1. Each e lement  w i l l  have t h e  f o l l o w i n g  characterist ics:  (xcg 'ycg*  %g 
mi= mass of i th element 
x , y . , z . =  x,  y ,  and z global  c o o r d i n a t e s  of i l l  
each e l emen t ' s  CC 
The o v e r a l l  i n e r t i a  of t h e  S t a t i o n  wi th  payloads is t h e  o b j e c t i v e  f u n c t i o n  F 
which can  be expres sed  as t h e  sum of S t a t i o n  terms and payload terms: 
F = S t a t i o n  terms + Payload term 
Where : 
S t a t i o n  terms = i + Ixz  + I  *yo 0 yzo  
+I )y=,mi(y i ) (z i )  1 




t o  (xCg,yCgtz  1. 
t h e  i n i t i a l  cross product  of i n e r t i a  due t o  t h e  p a r a l l e l  a x i s  theorem. For 
t h e  payload terms, t h e  i n e r t i a l  change is m u l t i p l i e d  d i r e c t l y  i n t o  t h e  term. 
For  t h e  S t a t i o n  te rms ,  t h i s  i n e r t i a  change is added t o  
cg 
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Thus t h e  o b j e c t i v e  f u n c t i o n  or o v e r a l l  S t a t i o n  i n e r t i a  t o  be minimized 
becomes: 
S i n c e  t h e  products  of i n e r t i a  can  be n e g a t i v e ,  t h e  a b s o l u t e  v a l u e  of each of 
the  payload product terms is t a k e n  so t h a t  any c a n c e l l i n g  o u t  of terms w i l l  
n o t  occu r .  The xcg, ycg, and z of t h e  S t a t i o n  and x i ,  y i ,  and  zi of each 
payload are  the unknown v a r i a b l e s  t o  be found. The i n e r t i a s  about  t h e  f i n a l  
optimum CG once t h e y  are known are  what are impor tan t  t o  t h e  g r a v i t y  
g r a d i e n t  c o n t r o l  of the  S t a t i o n .  When f u n c t i o n  F is minimized, a l l  p r o d u c t s  
of i n e r t i a  are also minimized w i t h  r e s p e c t  t o  t h e  optimum c e n t e r  of g r a v i t y .  
cg  
The d i scon t inuous  a b s o l u t e  va lue  terms i n  the  o b j e c t i v e  f u n c t i o n  make 
the problem very d i f f i c u l t  t o  s o l v e  i n  closed form. Using t h e  t e c h n i q u e s  
described i n  Hi l l ie r  and Lieberman, Ref. 2 ,  however, t h e  three a b s o l u t e  
v a l u e  terms can be conve r t ed  i n t o  three cont inuous  terms i n  t h e  o b j e c t i v e  
f u n c t i o n  and three  con t inuous  terms t h a t  are inc luded  as three e q u a l i t y  
c o n s t r a i n t s  i n  t h e  s e t  of c o n s t r a i n t  equa t ions .  
Th i s  is  done us ing  s i x  a u x i l i a r y  v a r i a b l e s  as shown i n  t h e  f o l l o w i n g  
equa t ions :  
Where t h e  three e q u a t i o n s  i n  t h e  c o n s t r a i n t  se t  are: 
The d i f f e r e n c e s  i n  t h e  a u x i l i a r y  v a r i a b l e s  i n  t h e  c o n s t r a i n t  s e t  and the i r  
cor responding  sums i n  t he  o b j e c t i v e  f u n c t i o n  are what c o n v e r t  t h e  
6 
d i s c o n t i n u o u s  a b s o l u t e  v a l u e  terms i n  t h e  o b j e c t i v e  f u n c t i o n  t o  s i x  
con t inuous  terms i n  t h e  o v e r a l l  problem. 
The i n e r t i a s  are t a k e n  abou t  t h e  c e n t e r  of g r a v i t y  of t h e  s t r u c t u r e ,  
which is unknown u n t i l  the  o p t i m i z a t i o n  is complete .  The n e x t  three 
c o n s t r a i n t s  s e r v e  as t h e  mathematical  d e f i n i t i o n  of t h e  three c o o r d i n a t e s  of 






Where t h e  t o t a l  mass of t h e  S t a t i o n  w i t h  payloads is M 
In order t o  g e t  e q u a t i o n s  ( 6 ) - ( 8 )  i n t o  t h e  form of 
c o n s t r a i n t ,  H(X)=O 
form: 
x -  
cf3 
a n  e q u a l i t y  
, a t r a n s p o s i t i o n  is done. To get e q u a t i o n  (6) i n t o  t h e  
M 
A similar t r a n s p o s i t i o n  is done f o r  e q u a t i o n s  ( 3 ) - ( 5 ) .  To t r a n s p o s e  
e q u a t i o n  ( 3 )  i n t o  t h e  form: 
Thus t h e  s i x  e q u a l i t y  c o n s t r a i n t s  c o n s i s t  of those d e f i n i n g  t h e  c e n t e r  
of g r a v i t y ,  Equat ions  (6 ) - (8 ) ,  and those h a n d l i n g  t h e  a u x i l i a r y  v a r i a b l e s  
f o r  t h e  a b s o l u t e  va lue  conve r s ion ,  Equat ions ( 3 ) - ( 5 ) .  Only t he  CG 
5~< ' .wdin ; i i ; es  of t h e  payloads were iised i n  t h e  i n e r t i a l  c o n s t r a i n t s ,  s i n c e  
irdr t i a l  c o n s t r a i n t s  require  l n e r  .id COOTdlndteS. 
I I .  GEOMETRIC CONSTRAINTS 
A .  ELEMENT-ELEMENT INTERACTIONS 
In te r -e lement  i n t e r f e r e n c e  cr i ter ia  shou ld  be adhered t o  i n  order t o  
p rec lude  n o n - f e a s i b l e  s o l u t i o n s .  
cr i ter ia  are described below. 
Two means of model ing n o n - i n t e r f e r e n c e  
The i n t e r f e r e n c e  problem is g e n e r a l l y  a three-d imens iona l  problem. One 
must p r o h i b i t  i n t e r f e r e n c e  of one o b j e c t  w i t h  a n o t h e r  object  about  t h e  x ,  Y ,  
and z-axes.  In  t h i s  case, s i n c e  no equipment can be placed on the  f r o n t  or 
back of t h e  suppor t  t r u s s ,  t h e  problem is t h e n  reduced  t o  a two-dimensional 
problem by e l i m i n a t i n g  the  z-ax is .  
The problem is now t o  p r o h i b i t  ove r l app ing  of any r e g i o n  d e f i n e d  by 
e lement  i from i n t e r f e r i n g  w i t h  a r e g i o n  de f ined  by element  j i n  t h e  h e i g h t  
and l e n g t h  dimensions.  I t  is desirable t o  have a closed neighborhood around 
each payload t h a t  can be desc r ibed  by a con t inuous  mathematical e q u a t i o n ,  
such  as  a c i r c l e  or  a n  e l l i p s e .  A mathemat i ca l ly  d i s c o n t i n u o u s  closed 
neighborhood such  as  a s q u a r e  would n o t  p rov ide  meaningful  s o l u t i o n s  and 
would be d i f f i c u l t  t o  code i n t o  t h e  o p t i m i z a t i o n  r o u t i n e .  One way t h i s  
neighborhood can be  ach ieved  is t o  d e f i n e  a " c o n s t r a i n t  e l l i p s e "  such  t h a t  
t h e  l i n e  of t h e  e l l ipse  p a s s e s  through t h e  p o i n t s  marking t h e  maximum 
d i s t a n c e  from t h e  geometr ic  c e n t e r s  of e l emen t s  i and j when t h e  e l emen t s  
j u s t  meet a t  a d i agona l . (See  F igu re  3 . )  This  methodology was d e r i v e d  from 
Reference  3. 
The s t a n d a r d  equa t ion  of an  e l l i p s e  is g iven  by  
2 2 
for  t h e  semi-major a x i s  located about  t h e  x- a x i s ,  and 
Y2 + x2 = 1  - -  
a* b2 
(9)  
for  the  semi-major a x i s  located about  t he  y- a x i s  where a and  b are  g iven  as 
t h e  l e n g t h  of t h e  semi-major and  semi-minor a x e s ,  r e s p e c t i v e l y .  
e lements  i and j both have 1 and h v a l u e s ,  t h e  geomet r i c  c e n t e r  of element  
j on  the  c o n s t r a i n t  e l l i p s e  is d e f i n e d  a s  
S i n c e  the 
[ 1 / 2  (li+ l j )  , 1 / 2  (h i+  h j )  1 ( 1 1 )  
The geometr ic  c e n t e r  of e lement  i is d e f i n e d  as t h e  o r i g i n .  I n  order t o  
minimize t h e  maximum e x c u r s i o n  of one element  t o  a n o t h e r ,  t h e  c o o r d i n a t e  
wi th  t h e  g r e a t e s t  v a l u e  would be cons ide red  t h e  d i r e c t i o n  of the semi-major 
d x i s .  I n  o rde r  t o  de t e rmine  the  a and  b v a l u e s  of t h e  e l l i p s e ,  t h e  focal 
p o i n t  of  t h e  e l l i p s e  is assumed to  be located on t h e  semi-major a x i s  a t  one- 
half  t h e  sum of t h e  l e n g t h  or  height  of t h e  ith and jth e lemen t s ,  depending  - 
on t h e  o r i e n t a t i o n  o f  the  semi-major a x i s .  
t h e  e l l i p s e  t o  i t s  f o c a l  p o i n t  is g iven  as 
The d i s t a n c e  from t h e  c e n t e r  of 
d2 I a2 - b 2 
( 1 2 )  
Using equa t ions  ( 9 )  or (101, ( l l ) ,  and ( 1 2 ) ,  t he  a and b va lues  can  be 
determined under the  f o l l o w i n g  c o n d i t i o n s :  
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e 
f o r  ( l i+l .)  L ( h i + h . ) ,  
J 3 I 
a2 = b 2 + (li+ 1 2 / 4 
J 
and for  (hi+ h . )  2 (li+ 1.1, 
J J .  
( 1  4) 
2 a2 = b2 + (h i+  h.) / 4 
J (16)  
The c o n s t r a i n t  is now imposed i n  d manner such  t h a t  the  c e n t e r  of g r a v i t y  of 
e lement  j can not e n t e r  t h e  r e g i o n  d e f i n e d  by t h e  c o n s t r a i n t  e l l ipse  and  is 
given  by e q u a t i o n s  (17)  and (18): 
2 2 ( x  - X i )  + (Yj - Y i )  
2 1  j 
b2 2 a 
or 
2 
(Xi - x . 1  
( Y i  - Yj) + J 
2 
2 a b2 
T h u s  two forms t h a t  t h e  i n e q u a l i t y  c o n s t r a i n t s ,  C ( X )  5. 0,  can take a re  
e q u a t i o n s  ( 1 7 )  and (18).  
(17)  
(18) 
Another method of d e f i n i n g  c o n s t r a i n t  neighborhood around a payload 
is L o  circumscribe a " c o n s t r a i n t  circle" of f i x e d  r a d i u s  a round i t .  The 
r a d i u s  of t h i s  c i r c l e  for element  i is t h e  d i s t a n c e  from the  geomet r i c  
c e n t e r  t o  one of' t h e  c o r n e r s  and  is denoted by r I n  o r d e r  t o  d i s t i n g u i s h  
between l o n g ,  t h i n  payloads and s h o r t ,  square payloads ,  a n  a s p e c t  r a t i o  
i' 
c r i t e r i o n  w a s  used. If' ( l i+  l . ) / ( h i +  h.12 1 . 1  - o r  ( h i +  h . ) / ( l i +  1 12 1 . 1 ,  J J .  J J 
e l l i p s e  i n t e r f e r e n c e  p a t h s  were used between two payloads ,  where 1 . 1  is dn 
a r b i t r a r y  c o n s t a n t  a l lowing  for only 10% d e v i a t i o n  from a squa re .  I n  t,!" 
case of s h o r t ,  s q u a r e  payloads where (li+ l j ) / ( h i +  h . ) S  1.1 or 
J .  
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T i i .  )i( l  + 1 ) S  1 . 1  , c i r c u l a r  i n t e r f e r e n c e  p a t h s  were used between two 
payloads.  
t h e  exc l i r s ive  use  of e l l ipses  t h a t  cou ld  c a u s e  problems i n  the i n t e r f e r e n c e  
geometry o f  squa re  payloads.  Given two payloads t h a t  might i n t e r f e r e  w i t h  
‘“i J i j . 
The use of c i r c u l a r  i n t e r f e r e n c e  p a t h s  f o r  s q u a r e  pay loads  avoids 
one 
the  
t h e  
3 .  
t h e  
a n o t h e r ,  a c i rcular  c o n s t r a i n t  e q u a t i o n  states t h a t  t h e  d i s t a n c e  between 
geomet r i c  centers of the  two payloads m u s t  be greater  t h a n  o r  e q u a l  t o  
sum of t h e  r ad i i  of t he i r  co r re spond ing  c o n s t r a i n t  c i r c l e s .  See F i g u r e  
The geometric c e n t e r  t o  geometric c e n t e r  d i s t a n c e  is e x p r e s s e a  us ing  
s t a n d a r d  C a r t e s i a n  d i s t a n c e  formula:  
(19) ( x i - -  x . )  2 + ( y i -  y j )  2 h ( r i+  r . )  
J J 
This  e q u a t i o n  is t r a n s p o s e d  i n t o  an i n e q u a l i t y  c o n s t r a i n t  by t h e  f o l l o w i n g :  
( 2 0 )  2 2 ( r i+  r . )  - (xi-  x . )  + ( y i -  y . )  s o 
J 3 J 
Another form the  i n e q u a l i t y  c o n s t r a i n t ,  C(X)SO,  c a n  take is e q u a t i o n  ( 2 0 ) .  
Thus t h e  n number of i n e q u a l i t y  c o n s t r a i n t s  w i l l  c o n s i s t  of G( l ) -G(n )  
i n e q u a l i t i e s  t h a t  p r e c l u d e  t h e  i n t e r f e r e n c e  of one payload w i t h  a n o t h e r ,  
u s i n g  e i ther  e l l i p t i c a l  or  c i r c u l a r  i n t e r f e r e n c e  equa t ions .  An e q u a t i o n  is 
g e n e r a t e d  for a l l  t h e  p o s s i b l e  non-redundant combinat ions of i n t e r a c t i o n  
between n payloads.  Only t h e  geometric c e n t e r  c o o r d i n a t e s  of t h e  payloads 
are used i n  t h e  geometric c o n s t r a i n t  e q u a t i o n s ,  s i n c e  geomet r i c  c o n s t r a i n t s  
r e q u i r e  geometric c o o r d i n a t e s .  
8 .  STATION-ELEMENT INTERACTIONS 
I n  t h e  c o n s t r a i n t  f o r m u l a t i o n ,  t h e  p h y s i c a l  barr iers  of t he  S t a t i o n  
must be cons ide red  i n  order t o  p r e v e n t  pay load-S ta t ion  i n t e r f e r e n c e .  T h i s  
was accomplished by c o n s i d e r i n g  each r e c t a n g u l a r  r e g i o n  of the  S t a t i o n  
s t r u c t u r e  as a r e g i o n  t o  be  op t imized ,  w i t h  t h e  e x c e p t i o n  t h a t  these r e g i o n s  
had f i x e d  e x p l i c i t l y  d e f i n e d  c o o r d i n a t e  l o c a t i o n s .  Non-redundant 
c o n s t r a i n t  equa t ions  are g e n e r a t e d  i n  G(I)-C(n)  for  S ta t ion -e l emen t  
i n t e r a c t i o n s ;  b u t  none a re  g e n e r a t e d  f o r ‘ s t a t i o n - S t a t i o n  i n t e r a c t i o n s  s i n c e  
these would be mean ing le s s  because t h e  S t a t i o n  e l emen t s  a r e  not allowed t o  
move. The payloads must n o t  i n t e r f e r e  w i t h  t h e  s u p p o r t  t r u s s e s  b u t  be nea r  
them w i t h i n  a l lowab le  tolerances. The payload element  can n o t  be i n  f r e e  
soace  i n  t h e  in te r ior  o f  t h e  S t a t i o n  s o l e l y  f o r  i n e r t i a  o p t i m i z i n g  purposes .  
An envelope well outs ide t h e  perimeter o f  t h e  S t a t i o n  o u t s i d e  of which t h e  
payloads cou ld  n o t  move was a l so  spec i f i ed .  
Viewing and con tamina t ion  r e q u i r e m e n t s  of some m i s s i o n s  c a n  impose 
c o n s t r a i n t s  on t h e  e lements .  These c o n s t r a i n t s  are  i n c l u d e d  i n  t h e  
i n e q u a l i t y  c o n s t r a i n t  set G(l)-G(n)  i f  a r a n g e  of v a l u e s  is p e r m i t t e d  o r  i n  
the e q u a l i t y  c o n s t r a i n t  set F I ( X )  if an e x p l i c i t  f i x e d  l o c a t i o n  is desired.  
These t y p e s  of c o n s t r a i n t s  were no t  used i n  t h i s  a n a l y s i s ,  b u t  i t  is obv ious  
t ha t  payloads of t h e  s i z e  o f  t h e  Space C o n s t r u c t i o n  Experiment (Payload 4 )  
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shou ld  be placed outs ide of t h e  cen te r  area of  the S t a t i o n  because  of the i r  
s i z e .  
ANALYSIS AND RESULTS 
The computer code f o r  Automated Design S y n t h e s i s  (ADS) was selected 
t o  s u p p o r t  t h e  p r e s e n t  a n a l y s i s .  ADS, described i n  References  4, is a n  
automated o p t i m i z a t i o n  program Capable of p r o v i d i n g  e f f i c i e n t  o p t i m i z a t i o n  
for  a v a r i e t y  of  problems. This  particular problem, n o n l i n e a r  i n  n a t u r e ,  
was s o l v e d  by the  u s e  of  a combination of a s t ra tegy search and a one- 
d imens iona l  search. Because t h e  equa t ions  i n  both the o b j e c t i v e  f u n c t i o n  
and t h e  c o n s t r a i n t  set  are a t  most quadratic i n  n a t u r e ,  r e l a t i v e  minima must 
e x i s t  i n  their  s o l u t i o n s .  With t h i s  knowledge, Re fe rence  4 suggests the use 
of s e q u e n t i a l  l i n e a r  programming as a s t ra tegy a n d  the mod i f i ed  method of 
feasible d i r e c t i o n s  for  the minimiza t ion .  The one-dimensional search 
algorithm recommended was t o  f i n d  t h e  minimum of a n  uncons t r a ined  f u n c t i o n  
by first f i n d i n g  t h e  bounds o n  the  s o l u t i o n  and t h e n  u s i n g  polynomial 
i n t e r p o l a t i o n .  
i n i t i a l  r e s u l t s  of  t h i s  t y p e  of a n a l y s i s  w i t h  a r e p r e s e n t a t i v e  i n i t i a l  
placement of  t h e  payload e lements .  The (1000,1000,1000) bias  has  been 
removed from a l l  t h e  c o o r d i n a t e s .  
The s o l u t i o n  of the  problem is as f o l l o w s  a l o n g  wi th  t h e  
Overall Center of G r a v i t y  (m) 





Y 0 -0.85 
Z 0 0 
I n e r t i a s  (kg-m 2 
I n i t i a l  Optimized A %  
-71 % 5 8.31112 x 10 6 x y  2.85600 x 10 
0% 
xz 1.04530 x 10 6 1.04530 x 1 0 .  6 
yz 4.00186 x l o 5  4.003019 x l o5  +0.03% 
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Payload Loca t ions  ( m )  
I n i t i a l  F i n a l  A 
35 33 -2 







I n i t i a l  F i n a l  A 
0 0 0 
0 0 0 
- 
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-10 0 
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0 
The payload i n i t i a l  p o s i t i o n s  and the i r  d i sp l acemen t s  as  a 
t h e  o p t i m i z a t i o n  a r e  shown i n  F i g u r e s  4 and 5 ,  r e s p e c t i v e l y .  A 
between the  i n i t i a l  payload o r i e n t a t i o n  and t h e  f i n a l  op t imized  
r e s u l t  of 
comparison 
o r i e n t a t i o n  
i n d i c a t e s  t ha t  each payload s h i f t e d  s i g n i f i c a n t l y ,  imply ing  t h a w  t h e  
payloads  were n o t  p laced  i n  op t ima l  i n i t i a l  p o s i t i o n s .  The two e l emen t s  
above t h e  s o l a r  a r r a y  boom s h i f t e d  closer t o  the  S t a t i o n  CG. The two 
e l emen t s  below the solar a r r a y  boom d i sp laced  downward as well as s h i f t i n g  
more toward t h e  S t a t i o n  CG. The Space Cons t ruc t ion  Experiment a lso s h i f t e d  
downward, T h i s  downward s h i f t i n g  would n o t  be i n t u i t i v e l y  obvious  i n  a non- 
automated procedure t o  minimize t h e  i n e r t i a s ,  s i n c e  t h e  n a t u r a l  i n c l i n a t i o n  
would be t o  move payloads  below t h e  solar  drray boom upwards toward t h e  
S t a t i o n  CG. This  p o i n t s  o u t  a n  advantage  t o  a computer a i d e d  procedure.  The 
f i n a l  op t imized  p o s i t i o n s  of t h e  payloads are n o t  ideal  f o r  t h e i r  a t t achmen t  
t o  t h e  sur rounding  truss s t r u c t u r e s  w i t h  shor t  connec t ing  t r u s s e s .  T h i s  
a s p e c t  of t h e  problem could be c o n t o l l e d  by add ing  c o n s t r a i n t s  t o  res t r ic t  
t h e  movement of t h e  payloads  a long  t h e  t r u s s e s  of t h e  s u p p o r t  s t r u c t u r e .  
The o v e r a l l  I of t h e  S t a t i o n  was reduced  b y  71%, which would r e s u l t  
i n  a small r e d u c t i o n  i n  t h e  g r a v i t y  g r a d i e n t  induced t o r q u e  which would i n  
t u r n  c o n t r i b u t e  t o  a small s a v i n g s  i n  t h e  a t t i t u d e  c o n t r o l  p r o p e l l a n t  ove r  a 
c e r t a i n  miss ion  l e n g t h .  
g r a d i e n t  t o rque  e q u a t i o n  for T . The i n c r e a s e  of 0.03% i n  I would have 
n e g l i g i b l e  effects .  The small changes i n  t h e  i n e r t i a s  i n v o l v i n g  t h e  z -ax i s  
z e  d u e  a g a i n  t o  t he  f a c t  t ha t  t h i s  is  p r i m a r i l y  a two-dimensional problem. 
The optimum i n e r t i a s  were d e r i v e d  from t h e  f o l l o w i n g  e q u a t i o n s  once t h e  
f i n a l  payload and o v e r a l l  CG p o s i t i o n s  were known: 
XY 
This  can  be seen  by r e f e r r i n g  t o  t h e  g r a v i t y  
gZ YZ 
I = [ I  + mo(x - x ) ( y  - ) I  + ( R,- S,) (21 1 
XY xYO cg0 cg  cg0 ycg  
Ixz= [ Ixz + mo(x - x ) ( z  - z 11 + ( R2- S2) (22) 
0 cg0 C B  cg0 c g  
12 
, 
Even though t h i s  a n a l y s i s  does n o t  show any s t a r t l i n g  r e s u l t s ,  it 
demonst ra tes  t h e  a b i l i t y  t o  r a p i d l y  o p t i m i z e  t h e  placement of payloads  o n  a 
Space S t a t i o n .  
CONCLUSIONS 
The o p t i m i z a t i o n  methodologies used i n  o p e r a t i o n s  research can  be 
a p p l i e d  t o  t h e  management of mass p r o p e r t i e s  of a Dual Keel Space S t a t i o n  
through the  placement of discrete masses abou t  t h e  S t a t i o n .  The masses t o  
be p laced  are  t h e  e x t e r n a l l y  
i n  s u c h  a manner t h a t  t h e  i n e r t i a  cross p r o d u c t s  can be reduced, t h u s  
minimiz ing  t h e  induced  g rav i ty -g rad ien t  t o r q u e s  on  the  S t a t i o n .  
t o r q u e  minimized, t h e  momentm buildup over a n  o rb i t a l  p e r i o d  w i l l  a l so  be 
minimized. 
attached payloads .  The payloads  c a n  be p laced  
With the  
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